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Quaternion Representation
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< Following Sections >
1. Procedures of water molecules by the 5-point method

2. Solving rigid molecules by trans + rotation motions

Ref. Classical Mechanics, H. Goldstein, C. Poole, J. Safko, 3rd Edition, Pearson
Education Inc., England, 2003; & #71=%] , THEE, 2006.



* Procedures of water molecules by the5— points method
Dr.MotohikoTanaka, Professor, ChubuUniversity

a. Five sites are oxygen(O), hydrogen1land 2(H),and hydrogen
virtual L sites. They have,0,+0.241e,and —0.241e charges,
respectively. The L1and L2 are the dummy sites.

b. Separate R, V. and r, for water with i =1— N molecules, and
Sik = (X s Yik:Z ) means forthe fivesitesk =1-5.
The separationis done at the starting step only; once determined
att =0, they are constant intime.

c. Thehalf timestepis first executed for a predictor step, and
the full time step ismade for advance of time.

d. Beforetheend of onestep,the forcesarecalculated at

r., =R, + A”'s, withthethreesitesof k =1-3,and the L sites
are also calculated by algebraic operation.

e. After correction of quarternions, gotothebeginning of the cycle.
The leap — frog method isused forthe plasmasand waters.



* Eachstepistranslation(1), rotation(2-4),and adding
the fields(5-8).
0. Read thequarternions from the file, read (30)e0,el,e2,e3
(by Dr.M.Matsumoto,Okayama University).

1. Sumup the fivesites and advance a _ i
dt mi k=1 dt

for each of the translation motion.
dL.

- d_tl = Zk: (yi,k Fi—zFik zikFk—%«Fik: %Rk = YicFix )
for the rotation motion : the sums are made over the five sites.

3. w, =(A L +A,L, +AL)/Im theangular frequency

ha !

for speices A, ; and inertiamoments Im, , ata =X, Y, z.

dg;, 1
4'W:EQ(ei,O’ei,l’ei,z’ei,S)(a}l,x’ @y B O)

g, of Q and w has four components found inthe Goldstein's
book.



(continued)
5. Getanewrotationmatrix A, (e,,€,,€,,€;) written in the book p.205

for the next time step.

A Ay Ayl Kk
6. =R+l A, A, Ay | VY| atthethreesitesr,, andthe
A Ag Ay Zi «

position R; . The dummy sites are determined by algebraic operation.
7. ForcesatCoulomb+ LJ potentialsarecalculated using fivesites.

8. Normalization(correction) of quarternionsis made ateveryl0steps,
and gotothe nexttime step of Step (1).

Note that a time step is important. It will be At =0.025.-0.05, else
the code is inaccurate or overflow.



Solving Rigid Molecules by Trans + Rotation Motions

Equations of motion o, B=1,..,1(atoms
maFa = Foa + S Fu in the molecule)
B#a
~ Motion of translation ’ )
. p 2 Mal'a - p
M:R;: = ZFa Ri=a=z M;, = zm
i a=1 Z M a=1
a=1
< Rigid body rotation r’ gravity
Make vector product with r' from the left side center
£
d Eraxmara - zréXFa ' R
\ dt a=1
O

o V4
dL; = 1N Lii= 2 rix p« total angular momentum
d¢ ' -

£
N; =>'rixF, sum of torque



Solving Rigid Molecules (2)

Velocity of each atom on the rotating frame

dr.
d¢

-~ wxré

Li = Zr&xmaf‘,’,
a

= S'marix(wxry)

a

= S'ma{rifw — (w-ryri}
a

Total angular momentum of the rigid body is written
L = 1w

inertial moment
/ Sma(yZ+27)  — D) maXaYa — SV max2; \
[ = T S'mayix, D) mz (252 +x42) — i‘. MaVi2i
\ — i“ MaZaXa _ S'maziys D) mz (%52 + y42)
p a p



Euler Equation for Rigid-Body Rotation

Derivative d’/dt viewed on the rotating frame

dL; _ dLi , , 7. - N i
v ralalie +w; xL; = N; Euler equation

dL: | (L. — wly) = Ne

dt

dL, B _

dz + ((z)zLx (t)xLz) Ny
ddfz + (@:Ly— ayLs) = Na

By choosing a proper molecule frame (principal coordinate),
the matrix becomes a constant of motion

L: = Lox Lox — (Iy—lz)(t)y(l)z = N

Ly - Iy(t)y Iyd)y = (Iz—Ix)a)z(l)x = Ny
: = 1z )

- @ Lo: — (Ix——'ly)a)x(l)y = N;



Euler Angle Representation

in z axis IN X aXIS

in z axis
:‘\:'I:rlr?: l‘{l,ar r” = BCDr Hereafter, r’is Rotation matrix is unitary
— Ar simply written r At = A-L
Rotation matrix
A = BCD A(¢, v, 0) representation

cos ¢ cosg—cosfsingsing  cos¢sing+cosfcosgsing  sing sinf
=| —sin¢ cosg—cosfisingcos¢ —sin¢ sing+cosfcosgcosd cosg sinf
sin 4 sin ¢ —sin f cos ¢ cos 0




Euler Angle Representation
r =R +A'r”

w¢=q§,wa=é,w¢=(/}

0 p; 0
Time derivatives of w = BC|O| +B|lo|l +|O
Euler angles & 0 &

wx sin ¢ + wy cos ¢
sin @

Molecular frame

(wx sin ¢ + wy cos ¢) cos @

&
8 = wxcCcOos¢ — wy sin ¢
o

= s == sin 6
Singular at =0, or /!

l o be safe from singularity, the quarternion method
Is used to connect with the molecular frame.



Use Quarternion in Place of Angles

0 +y
€ = COSECOS Classical Mechanics (3" Edition)
g H. Goldstein , C.P. Poole, J.Safko,
e, :sin—cos¢_2"” Pearson Education Inc., England 2003.
0 Py Only three of them are independent
e, =sin—sin . ;
2 to avoid a gimbal lock
0 9ty . .
€ = COSESWI Quarternion representation (4.47’)
Rotation matrix e +6 —e, —e.  2(ee, +e,8,)  2(e€, —6,8,)
r=R+Alr [A=| 2(e8,—68) & —€ +6 -6  2(e,e,+68)
2(6163 +eoez) 2(6263 _eoe1) eg _912 _ez2 "'es?
(e\ (_e —e —e e\/a)|\\
Time derivative of ° S R | I
quarternions G@1_11 & & & & o,
e0,el,e2,e3 & | 2/ e € -€ 6| o,
Cy -6, t& & &)L 0




Results of Angles and Quaternions

(e1"2 +e272)/(sin theta)*2= cos"2 +sin™2 =1
(e0"2 +e372)/(cos theta)*2=1
.. [sin theta| = sqrt (e1”2 +e2/2)

e2/el=tan (phi-psi)/2

e3/e0=tan (phi+psi)/2

-> arctan (e2/el)= (phi-psi)/2
arctan (e3/e0)= (phi+psi)/2

.". phi= arctan (e3/e0) + arctan (e2/el)
psi= arctan (e3/e0) — arctan (e2/el)



